Abstract. in C ([0, 1]). In the present paper, we prove that there is a Müntz space not complemented in L 1 ([0, 1] ).
Introduction and notation
We denote the norm in L p ([0 Newman [7] gave an example of Müntz space with no complement in C( [0, 1] ). In the present paper, we prove that there is a Müntz space not complemented in 1 , so in a sense our result contains a result due to Gurariy and Macaev [6] .
To know more on the geometry of Müntz spaces, see the recent monograph of Gurariy and Lusky [5] , where they prove a similar result to our Theorem 3.2 but only when Λ is a quasilacunary sequence (cf. [5, Theorem 9.3.3] ).
Preliminary results
In this section we recall some properties of Müntz spaces that we list as propositions.
is a sequence of positive real numbers satisfying the gap condition such that 
is a sequence of distinct positive real numbers greater than −1/p, then
In Müntz spaces, we obtain better estimates. 
The next corollary is a direct consequence of the two previous propositions.
be a sequence of distinct positive integers satisfying
λ j (for any m and n).
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Main results
The next lemma is the key point of our construction. 
be an increasing sequence of positive integers satisfying
The last inequality follows from the fact that q j is the coefficient of
and from Proposition 2.1. Therefore
On the other hand, writing
Then we have by Corollary 2.5
and hence, if we put
In the same way, by Corollary 2.5 we have
and so we have ( * * )
Now we return to the proof of our inequality. We can write
Using( * ) and ( * * ), we obtain that
, and hence
Suppose α is such that 2αm
In the following theorem, we get an 
with an Erdös decomposition:
Proof. Let k > 0, k = 1, 2, ..., be such that ∞ k=1 (1 + k ) = (1 + ). Now we fix N 1 ≥ 0 and define N k+1 = N ( k+1 , kN k ) as in the preceding lemma.
We shall use induction on n to prove
for every n and every p k ∈ span 1, x, x 2 , ..., x k . The result is trivial for n = 1. Now we may assume that it holds for n − 1, that is to say
We now apply Lemma 3.1 with
The degrees of p and q are clearly less than m, so the hypotheses of Lemma 3.1 are satisfied. Then
and the induction is complete. Now, let
We may now let n → ∞ to get
This ends the proof of Theorem 3.2.
We will need the following: Note that this theorem remains true if one replaces
2 , ..., x n onto itself.
Lemma 3.5.
There is a c > 0 such that for any N ≥ 1 and any projection P from
Proof. Let P be such a projection and let T N denote the map
Here T N is a surjective isometry with T
and log(k − 1) . Finally, since T N is an isometry, we see that
N P T N and the lemma is established.
The following theorem is the main result of the paper.
Theorem 3.6. There is an infinite dimensional Müntz space that is isomorphic to (
is a surjective isomorphism. So by Theorem 3.2 and the proof of Lemma 3.5 we
The bound Π k P ≤ c P would therefore give a contradiction to Lemma 3.5! 3.1. Sequences equivalent to canonical l 1 -bases. Here we give another application of Lemma 3.5. We construct a Müntz space that has a basis equivalent to the natural basis in l 1 . First we need the following important technical lemma.
Lemma 3.7. Let k be a positive integer, and let
X k = sp x k−1 , x k ⊂ L 1 ([0, 1]).
Then the constant of the basis
equivalent to the natural basis in l 1 .
Proof. It is sufficient to prove that for some C > 0, independent of k, and for an arbitrary a, b ∈ C, we have the following inequality:
Without loss of generality we may assume that a = 1 and
To estimate f 1 , we consider two cases:
and
Define T by
By Theorem 3.2, T is an isomorphism, and by Proposition 2.2, xT is an isomorphism from sp{1}
and hence by Lemma 3.7, the sequence x
is a basis of [M (Λ)] L 1 equivalent to the natural basis in l 1 .
Complemented Müntz spaces isomorphic to
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